List of symboLs
The term "isothermal process" describes a thermodynamic process that occurs at a constant temperature. There are a lot of examples of technical analysis using isothermal process. Isothermal compression is an example to illustrate the position that isothermal process takes along other thermodynamic processes. In a real engine (compressor), the isothermicity condition cannot be fulfilled and every real thermodynamic process demands more energy than the isothermal compression. In this context, the practical importance of isothermal compression lies in its use, as a reference process to evaluate the actual compression (Oldrich and Malijesvsky, 1992) . The adiabatic frictional flow assumption is appropriate to high speed flow in short ducts. For flow in long ducts, such as natural gas pipelines, the gas state approximates more closely to the isothermal one. By doing this approach, it is possible to establish a relationship among all thermodynamic quantities (White, 2005) .
In the flow field thermodynamic calculation of aeronautical devices, the real process is approximated to a suitable idealized one that can be mathematically described. Usually, the choice lies among isentropic, polytropic, and isothermal processes. These thermodynamic processes are also used as reference ones in the internal flow field calculation of aeronautical devices. The isentropic and polytropic processes have been discussed by many authors, including their applications to real gases (Oldrich and Malijesvsky, 1992) . In contrast, the isothermal process has not received such attention. Attempts at refining the results by inserting values calculated from a virial equation of state for real gas have led to some improvement. However, these efforts particularize the solution of the flow field issue.
The present paper is concerned over the estimative of the pressure loss and entropy variation in an isothermal fluid flow considering real gas effects. The formulation is based on the isothermal compressibility module and on the coefficient of thermal expansion, in order to be applicable for both gas and liquid as pure substances.
The description of the simple methodology, which establishes a relationship between the formulation adopted for ideal gas and that considers the real gas effects, will be emphasized. A computational procedure has been developed, and it can be used to determine the flow properties in duct with a variable area where real gas behavior is significant. In order to obtain quantitative results, three virial coefficients for helium equation of state (Miller and Wilder, 1968; Schneider and Duffie, 1949) are employed to determine the percentage difference in pressure, and entropy between the different formulations. Results are graphically presented in the form of real gas correction factors, which can be applied to perfect gas calculations. This paper is part of a continuing effort that is being carried out at the Institute of Aeronautics and Space from the Brazilian Aerospace Technology and Science Department (DCTA/IAE, acronyms in Portuguese) to develop flow analysis methods, and design of aeronautical devices in a conceptual context.
mAtHEmAtiCAL foRmULAtioN
Isothermal flow is a model of compressible fluid flow whereby the flow remains at the same temperature while flowing in a conduit. In the kind of flow, heat transferred through the walls of the conduit is offset by frictional heating back into the flow. Although the flow temperature remains constant, a change in stagnation temperature occurs because of a change in the velocity. From this approximation, it is possible to demonstrate that, for ideal gas formulation, the flow is choked at mach number (M) given by
, and not at mach number equal to one as in the case of many other models, such as Fanno flow (John and Keith, 2006) . This analysis is applied to the 1D fluid flow (Fig. 1) . It is assumed that the fluid undergoes an isothermal process during this process. In other words, its total energy remains unchanged by the flow. The generalized form of this process includes the possibility of the presence and effect of viscosity (through µ and ! W ), gravity (through α-the angle between the horizontal and the direction of flow), pressure (P), heat exchange ( q c ) and thermal conducting terms (k).
! W is the shear stress due to wall friction. Equations 1, 2 and 3 show the generalized mathematical model. 
(ii) Momentum Equation
(iii) Energy Equation:
In order to create practical relations for engineering use, steady state flow hypothesis is adopted, and the thermal conduction and viscosity terms are neglected. This approach gives the following results: 
The strategy chosen in this development is to convert the dependent variable (ρ, u, h) in terms of pressure (P) and temperature (T). Thus, the equation system is reduced to two equations, whose dependent variables are pressure and temperature, and the independent one is the longitudinal coordinate (x). It is important to highlight that during this development, any constitutive relation, such as virial equation of state, was adopted, in order to generalize the applicability of the method to all pure substances.
Energy Equation
Since h h P x ,T x , it can be written as:
By definition:
Considering an isothermal process:
The second law applied to the reversible process is given by:
Since Q dU Pdv , the first law becomes: TdS dU Pdv . In this expression, the isothermal condition is used:
Therefore, using Eq. 8, and, by the Maxwell relation (Wyllen and Sonntag, 1987) , the result is the following (Eq. 9):
Substituting Eq. 9 in Eq. 7, it is obtained Eq. 10: 
Note that:
Thus, from Eq. 11,
where :
cos
, and u mv A .
From algebraic manipulation of the previous equation, the energy equation is obtained with pressure and temperature as dependent variables, which is:
where:
, and
Since the cross section of the duct is a function of the longitudinal coordinate, A=A(x), it can be written:
By substituting the last equation into momentum Eq. 5 and dividing it by A, one obtains the representative equation of momentum conservation in terms of pressure and temperature, which can be seen in Eq. 13:
Generalized flow formulation
Equations 12 and 13 represent the generalized formulation written in terms of pressure and temperature, which include heat exchange, flow with friction (wall friction), and flow in variable-area ducts influence. It is noteworthy that, up to this point, any approximation for equation of state was not used. In order to extend the applicability of the mathematical model, it is interesting to write the parameters G, H, I, J, K and M in terms of isothermal compressibility module (β T ) and thermal expansion module (α P ). In gas dynamics, compressibility is a measure of the relative volume change of a fluid or solid as a response to a pressure (or mean stress) change.
Since the compressibility depends strongly on whether the process is adiabatic or isothermal, it is usually defined as:
The thermal expansion coefficient describes how the size of an object changes with a change in temperature. Specifically, it measures the fractional change in size per degree change in temperature at a constant pressure. In the general case of a gas, liquid, or solid, the volumetric coefficient of thermal expansion is given by:
Therefore, by considering definitions of isothermal compressibility module and thermal expansion coefficients, it is possible to write the general equations as:
where,
Critical Conditions for Generalized flow
Applying Kramer rule in the system of equations (Eq. 16), it will provide: dP dx
It is desirable, as in the isentropic case, to investigate this relationship by the choice of a convenient reference state. Since stagnation conditions are not constant, the stagnation state is not suitable for this purpose. However, the state corresponding to unity mach number ("critical condition") is suitable, because, as Eq. 16 shows, condition there is constant for a given flow. In this case, the critical condition is obtained from the expression:
Since:
by substituting it in Eq. 17, it is obtained:
It should be noted that the relationship between the specific heats at pressure and volume constant is given by Van Wyllen and Sonntag (1987, p. 284) :
The sound velocity (a), in an isothermal process, can Substituting the relations above in Eq. 18, the following equation is obtained by:
In other words, the critical condition in a generalized flow field, considering real gas effects, is given by the mach number equals to one. This value is in accordance with technical literature.
isothermal flow formulation
Isothermal flow can be characterized by the relation (Eq. 19):
Considering Eq. 19 and the general system (Eq. 16), it is obvious the relation:
From this expression, it is possible to characterize isothermal flow in another, but similar, manner:
Using the previous definitions for parameters J and G, it can be concluded that:
Equation 21 presents an interesting mathematical format. It is possible to distinguish the "driver" terms (left side of the equation), in a dimensionless form, which represents the physical conditions necessary to obtain an isothermal flow. This term is built with the contributions of heat exchange, wall friction, area variation, and mass flow.
The right side of the Eq. 21 represents the thermodynamic conditions obtained in an isothermal flow, with the "driver" conditions defined by the left side. Another important thing to note about Eq. 21 is that the variation of the parameter I / Mv , at constant temperature, can be found from the equation of state and mass flow rate. This information can be used in the control system design based on isothermal fluid flow. The simplicity of this formulation is a great attractive for conceptual design and engineering analysis.
Critical conditions for isothermal flow
Equation 21 shows that the critical condition can be obtained from the expression:
Considering the concepts of sound velocity and isothermal compressibility module, the second term of the left side becomes:
Analogously to the ideal formulation (John and Keith, 2006, p. 366), Eq. 23 shows that the critical mach number for isothermal flow is not subcritical flow. It follows that because the adiabatic speed of sound is greater than the isothermal speed of sound, isothermal flow may be supercritical without being necessarily supersonic. It is important to highlight that constitutive relations are not used in this development. Thus, it is assumed that Eq. 23 is valid for all real gas or liquid formulation, for the flow process does not involve change of physical state.
Pressure drop in isothermal flow
The most effective approach to flow problems of this type is to express ratios of the gas properties and flow parameters between any two points in the flow stream, as function of the mach number and specific heat ratio of the gas. Using these ratios, a reference state is defined, and the ratios of the variables at any mach number to those at the reference state are tabulated. Following this reasoning, consider the case of duct with constant cross section, by applying Eq. 20:
It is a common practice to assume (John and Keith, 2006, p. 291):
Thus,
By substituting it in Eq. 24, it is obtained: Equation 26 establishes the relationship between the pressure drop and the parameters 'mach number', 'wall friction', and 'thermodynamic properties of the gas', when the longitudinal direction considered. Note that for ideal gas:
Substituting Eq. 27 into 26, the pressure drop formulation developed for ideal gas (John and Keith, 2006, p. 366 ) is recovered, which is:
In other words, it can be concluded that:
The right side of the Eq. 29 can be related to the mach number. Using the definition of β T and an isothermal process, we will have:
The expression (Eq. 26) can be written as:
However, from continuity equation, one has:
Thus:
It is easy to demonstrate that Eq. 33 can be used for flow in ducts with variable cross section.
Entropy variation in isothermal flow
Since S S P ,T , it can be written:
Using the concepts of specific heat at constant pressure and Maxwell relation:
Considering an isothermal process and the definition of α P , it is obtained:
Substituting Eq. 26 in 36, it is obtained:
the value of R can be written as:
Note that for ideal gas:
which is in accordance with results from technical literature (John and Keith, 2006, p. 367) .
EXAmPLE of APPLiCAtioN
From Eq. 29 and 37, it is possible to define multiplicative correction factors that can be used in an ideal gas formulation in order to solve problems associated with the real gas formulation. However, it is important to define the concept of specific heat ratio in terms of R . According to Wyllen and Sonntag (1987, p. 285) :
thus, the expression for specific heat ratio is given by:
This value is used in Eq. 44, which is:
Equation 44 can be integrated in terms of mach number, considering the friction factor f constant in the segment dx . From this result, it is possible to evaluate the pressure drop for ideal gas formulation. Thus, applying the multiplicative factor T on the last result, the drop pressure considering real gas effects is obtained. Regarding to the entropy variation, it is possible to write from Eq. 37 and 44:
CoRRECtioN fACtoRs
In this section, the pressure correction factor ( ! P ) and entropy correction factor ( ! S ) are defined. The parameter ! P is calculated from the use of Eq. 33 for ideal and real gases. By substituting Eq. 14 in Eq. 33, the following result is given:
where the correction factor ! P is given by:
In analogous fashion, it is defined the entropy correction factor. In accordance with Eq. 37 and 44, the entropy correction factor is given by:
In order to obtain quantitative results, an equation of state for helium, based on a three virial coefficient (Miller and Wilder, 1968; Schneider and Duffie, 1949) , is employed to determine the correction factor for pressure and entropy variation. The equation used to represent the pressure-density-temperature relationship of real helium gas is the virial equation of state:
A relatively large amount of experimental data on the second virial coefficient, B(T), exist for low and moderate temperatures (up to about 1,000 K). Experimental results for the third virial coefficient, C(T), are few and show a great deal of scatter. At the conditions dealt within this paper, the contribution of C(T) to the state equation is relatively small. In this context, the expression derived for the virial coefficients is given by: ) is given by:
Entropy correction factor (ε S )
Using Eq. 40 and 48, it is demonstrated that: Figure 4 shows the compressibility coefficient Z, which was in very close agreement with IUPAC for all densities. Figure 5 shows the multiplicative correction factor for pressure drop. It is a common practice the use of relation (Eq. 26), in a context of ideal gas, in order to obtain the solution for isothermal flow of real gas by only using a real specific heat ratio. However, it can be noted that the specific heat ratio is not the only parameter of influence. In fact, the correction factor ! P must also be considered in this procedure. In this context, although the first methodology is easy to conceive, the latter, more complete, requires the knowledge of more details about the physical properties of the pure substance. Another interesting aspect of this result is related to the value of ! P . When a gas undergoes a reversible process, in which there is heat transfer, the process frequently takes place in such a manner that a plot of log P versus v is a straight line. This is called polytropic process (Wyllen and Sonntag, 1987, p. 167) , in other words: Pressure correction factor (ε P )
REsULts

The values of B(T) and C(T)
From the Eq. 49, it is obtained: 
where, n = 1 (one) is an ideal isothermal process.
From Eq. 32, 33 and 52, it is possible to note that:
Thus, the pressure corrector factor ε P establishes a direct comparison of ideal and real isothermal processes. Results presented in Fig. 5 can be used as a good indicative of the tolerance that must be adopted in a system specification, based on isothermal fluid flow results. Figure 6 shows the entropy correction factor, ε S . It is clear that ε S is more temperature sensitive than ε P . Internal energy and entropy are not directly physically measurable, whereas certain of the intensive variables (e.g. T,P) are. Thus, the entropy formulation presented in this paper is an important mathematical model to know the accuracy of entropy correction factor, obtained indirectly from the 1D analysis using ideal gas formulation. Another aspect that must be considered during flow analysis of helium gas is related to the discontinuity observed at T = 1300 K. Although it is not clear in B(T) variation (Fig. 2) , this discontinuity is probably associated with the model adopted for gas equation. The fit curve coefficients for high temperature (Table 1) are not consistent when it is considered high variation in density.
ComENts AND CoNCLUsioN
The primary purpose of this investigation was to develop a method required to study the behavior of real pure substance in an isothermal fluid flow. Particular emphasis was given to develop useful procedures and techniques in order to study the general types of gas, which are encountered in aeronautical applications, such as, wind tunnel, combustors, and so on. More complicated systems can be studied, in a 1D context, with little additional difficulty. From this research, it is possible to draw several conclusions:
• The mathematical formulations developed for pressure and entropy variation, Eq. 26 and 36, respectively, can be used for different pure substances. the pressure correction factors (ε P ) that must be adopted in an isothermal gas flow are a function of isothermal compressibility module, β T , and static pressure. These factors establish a direct comparison of ideal and real isothermal processes (Eq. 47).
• The entropy correction factor (ε S ) is a function of thermal expansion module (α P ), isothermal compressibility module (β T ), and specific volume (v). It is given by the Eq. 48. Similar to the pressure correction factor, it depends on the state equation. 
